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Abstract 

Stochastic antiderivational equations on Banach spaces over local 
non-Archimedean fields are investigated. Theorems about existence 
and uniqueness of the solutions are proved under definite conditions. 
In particular Wiener processes are considered in relation with the non- 
Archimedean analog of the Gaussian measure. 

1 Introduction. 

This article continues investigations of stochastic processes on non- Archimedean 
spaces ([0). In the first part stochastic processes were defined on Banach 
spaces over non- Archimedean local fields and the analogs of Ito formula were 
proved. This part is devoted to stochastic antiderivational equations. In the 
non- Archimedean case antiderivational equations are used instead of stochas- 
tic integral or differential equations in the classical case. 

* Mathematics subject classification (1991 Revision) 28C20 and 46S10. 



Stochastic differential equations on real Banach spaces and manifolds are 
widely used for solutions of mathematical and physical problems and for con- 
struction and investigation of measures on them ^ [II], [T3], |27], EjJ. Wide 
classes of quasi-invariant measures including analogous to Gaussian type on 
non- Archimedean Banach spaces, loops and diffeomorphisms groups were in- 



vestigated in [17, IS, En, 23, El]. Quasi-invariant measures on topological 



groups and their configuration spaces can be used for the investigations of 



their unitary representations (see |21, |22|, |23, pj| and references therein). In 



view of this developments non-Archimedean analogs of stochastic equations 
and diffusion processes need to be investigated. Some steps in this direction 
were made in 0, There are different variants for such activity, for ex- 
ample, p-adic parameters analogous to time, but spaces of complex-valued 
functions. At the same time measures may be real, complex or with values 
in a non-Archimedean field. In the classical stochastic analysis indefinite 
integrals are widely used, but in the non-Archimedean case they have quite 
another meaning, because the field of p-adic numbers Q p has not any linear 
order structure compatible with its normed field structure (see Part I). 

This work treats the case which was not considered by another authors 
and that is suitable and helpful for the investigation of stochastic processes 
and quasi-invariant measures on non-Archimedean topological groups. In §2 
suitable analogs of Gaussian measures are considered. Certainly they have 
not any complete analogy with the classical one, some of their properties 
are similar and some are different. They are used for the definiton of the 
standard (Wiener) stochastic process. Integration by parts formula for the 
non-Archimedean stochastic processes is studied. Some particular cases of 
the general ltd formula from Part I are dicussed here more concretely. In §3 
with the help of them stochastic antiderivational equations are defined and 
investigated. Analogs of theorems about existence and uniquiness of solutions 
of stochastic antiderivational equations are proved. Generating operators of 
solutions of stochastic equations are investigated. All results of this paper 
are obtained for the first time. 

In this part the notations of Part I also are used. 
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2 Gaussian measures and standard Wiener 
processes on a non- Archimedean Banach 
space. 

2.1. Let H = Co (a, K) be a Banach space over a local field K with an ordinal 
a and the standard orthonormal base {ej : j G a}, ej = (0, 0, 1, 0, ...) 
with 1 on the j-th place. Let U p be a cylindrical algebra generated by 
projections on finite-dimensional over K subspaces F in H and Borel a- 
algebras Bf(F). Denote by U the minimal cx-algebra 0"(U P ) generated by 
U p . When card(a) < No, then U = Bf(H). Each vector x G cq is considered 
as continuous linear functional on Co by the formula x(y) = J2j % 3 y J f° r each 
y G Co, so there is the natural embedding Co Cq, where x = 
x J G K. The field K is the finite algebraic extension of of the field Q p of 
p-adic numbers and as the Banach space over Q p it is isomorphic with Qp, 
that is, each z G K has the form z = (z 1 , z n ), where z l ,...,z n G Q p . 
Let {y} p := Ej<o2/jP J , where y G Q p , y V ; //;/''. yj G {0,1,..., p- 1}, in 
particular for values y = (z,x) := Z)?=i f° r x,z E ~K. All continuous 
characters x '■ K — > C of K as the additive group have the form 

(i) x^x) = tTHterih 

for each {(e,7x)} p 7^ 0, Xy{ x ) := 1 f° r {( e il x )}p = 0? where e = l z is a root 
of unity, z = p ord({(e, 7 x)} p ) ^ e = (1, 1) G Q^, 7 G K (see §25 p| and §1.3.6, 



about the spaces L g (H) of operators see §1.2). Each x is locally constant, 
hence x '■ K — > T is also continuous, where T denotes the discrete group of 
all roots of 1 (by multiplication). 

Let us consider functions, whose Fourier transform has the form: 

f(x) = fp,j, q (x) := exp(-(3\x\ q )xj(x), 



where the Fourier transform was defined in §7 [31] and p9|] , 7 G K, < (3 < 
00, < q < 00. 

Definition. A cylindrical measure \x on U p is called g-Gaussian, if each 
its one-dimensional projection is g-Gaussian, that is, 

{%) fi g (dx) = Cf3 iljq ff3 iljq v(dx), 
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where v is the Haar measure on Bf(K) with values in R, where g is a 
continuous K-linear functional on H = co(a,K) giving projection on one- 
dimensional subspace in H, Cp^ A > are constants such that /U 9 (K) = 1, (3 
and 7 may depend on g, q is independent of g, 1 < q < oo, a C uj , u> is the 
first countable ordinal. 

If fi is a measure on H, then fx denotes its characteristic functional, that 
is, fi(g) := J H x g {x)fi(dx), where g G H*, x g '■ H — > C is the character of 
as the additive group (see §1.3.6). 

2.2. Theorem. ^4 non-negative q-Gaussian measure \x on co(u;o,K) 
a-additive on Bf(co(ujQ,K.)) if and only if there exists an injective compact 
operator J G L q (co(u)o, K)) for a chosen 1 < q < oo snc/i i/iai 

oo 

(i) fi(dx) = fj,j(dx J ), where 

3=1 

(ii) J = dia#(£j : Cj e K, j G w ), 

(m) /ij((*V) = C l 3 j , Jj ,qfp jjljiq v(dx j ) 

are measures on ej~K, x = (x^ : j G co> ) G c (cg> ,K) ; x j G K, /3j = \Q\ ~ q , 
7 = (ij : i e ^o) G co(u;o,K). Moreover, each one-dimensional projection fi 9 
has the following characteristic functional: 

(iv) ^(h) = exp(-(Y,/3M q )\h\ q )x 9 (,)(h), 

j 

where g = {g d : j G w ) G c (u;o, K)*. 

Proof. Let be a characteristic functional of \x. By the non- Archimedean 



analog of the Minlos-Sazonov Theorem (see §2.31 in [pf] , ||19|| ) a measure /i 
is cr-additive if and only if for each c > there exists a compact operator S c 
such that |i?e(/i(?/) — fi(x))\ < c for each x,y G c (co»0)K) with j^S^I < 1, 
where z = x — y. From the definition of /x to be g-Gaussian it follows, 
that each its projection fij on Ke^ has the form given by Equation (m). It 
remains to establish that \x is cr-additive if and only if J G L q (co{uJo, K)) and 
7 G c (^ ,K). 

In view of Lemma 2.3 |18| /i is cr-additive if and only if each sequence of 
finite-dimensional (over K distributions) satisfies two conditions: 
(2.3.i) for each c > there exists b > such that sup„ | \{iL(n)\(B(c , 0, r) n 
L(n)) — |/iz,( n )|(L(n))| < c for each r >b, 
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(2.3.H) sup n \nL{n)\(L{n)) < oo. Take in particular L{n) = sp-x_{ei, ...,e n } for 
each n G N. 

We have ^(K \ B(K, 0, r)) < C /^K^^Hx/Ci^y-M^) < 
Jj/eR,is/|>r exp(— M 9 |Cjl~ 9 )IC.jl~ lc ^/) where C > and C\ > are constants 
independent from £j for bo > p 3 and each r > bo, 1 < q < oo is fixed (see 
also the proof of Lemma 2.8 [18| and Theorem II. 2.1 ||). Evidently, #(7) 



is correctly defined for each g G co(u;o, K)* if and only if 7 6 co(u;o,K). In 
this case the character ^(7) : K — > C is defined and ^3(7) = n^LiX&vi- 
Therefore, if J G L q (co) and 7 G c (u;o, K), then /i is cr-additive. 

Let 7^ g G Cq. Since K is the local field there exists x G c such 
that \g(x )\ = \\g\\ and ||x || = 1. Put ^ := g(e-). Then ||^|| < sup i |^|, 
since g(x) = J2j&9j, where x = x^ej := J^j^ej with x J G K. Consequently, 
\\g\\ = supj We denumerate the standard orthonormal basis {ej : j G N} 
such that |^i I = \\g\\. There exists an operator E on Co with matrix elements 
Eij = Si j for each i,j > 1, Pij = gj for each j G N. Then |dei P n PP n | = 
\\g\\ for each n G N, where P n are the standard projectors on spK_{e±, e n }. 
When g G {e* : j G cj }, then evidently, /1 9 has the form given by Equation 
(Hi), since /i«(K) = 1 for each i G cj , where e*(ei) = S^j for each 

Suppose now that J L g (c ). For this we consider /i 3 (K \ P(K, 0, r)) > 
Ej L eK ,|x|>r C e^(-k/0l 9 )lCil -1 ^ M, where 3 = (1, 1, 1, ...) G c* = l°°(u , K). 
On the other hand, there exists a constant Ci > such that for 6 > P 3 an d 
eachr > b there is the following inequality: S xe ^i\ x \ >r C exp(—\x/ (j\ q )\Q\~ 1 v(dx) > 

^[J^exK-lyHC.r^Kir^ + r^exK-lyHOr^lOr 1 ^]- Fromthe es- 
timates of Lemma II. 1.1 || and using the substitution z = y x l 2q for y > and 
z = (—y) 1 l 2q for y < we get that /i 9 is not cr-additive, consequently, /i is not 
cr-additive, since P~ l (A) are cylindrical Borel subsets for each A G Bf(K), 
where P g z = g(z) is the induced projection on K for each z G c . 

For the verification of Formula (iv) it is sufficient at first to consider the 
measure \i on the algebra U p of cylindrical subsets in cq. Then for each 
projection /i 9 , where g G spK(e±, ...,e m )*, we have: 



fi 9 (h) = ... Xe(hz)fi 1 (dxi)...fj lm (dx rn ), 

JK JK 

where e = (1, 1) G Qp, h G K, n :— dimQ p K., x % G Ke^, z = g(x), 
x = (x l , ...,x m ), consequently, fi g (h) = £i>i(hgi) , since Xe(hg(x)) = 
Il^Li Xe(higix l ) for each x G spk(ci, e m ). Since J G L 9 , then /x is the Radon 
measure, consequently, the continuation of \x from U p produces fi on the Borel 
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cr-algebra of Co, hence linim^oo fi Qm9 (h) = fi 9 {h), where Q m is the natural pro- 
jection on spK_(ei, e m )* for each m G N such that Q m {g) = (gi, g m ). 
Using expressions of /Xj we get Formula [iv). From this follows, that if J G L q , 
then /x(g) exists for each g G Cq if and only if 7 G c , since fi 9 {h) = p,(gh) for 
each h G K and g G Cq. 

2.3. Corollary. \fi 9 (h 1 + h 2 )\ < max(|/i 9 (/i 1 )|, |/x 9 (/i 2 )|) /or each h 1 ,h 2 G 
K and g G c (o;o, K)*. 

Proof. In view of the ultrametric inequality \h\ + /i 2 | 9 < max(|/ii| 9 , l^l 9 ) 
for each 1 < q < 00 and /ti,/i 2 G K. Since |x 7 (/i)| = 1 for each /i, 7 G K, 
then from Formula 2.2. (iv) the statement of this Corollary follows. 

2.4. Remark. Let Z be a compact subset without isolated points 
in a local field K, for example, Z = B(K,to,l). Then the Banach space 
C°(Z, K) has the Amice polynomial orthonormal base Q m (x), where igZ, 
m G N Q := {0,1,2,...} §. Suppose P n ~ l : C^^K) -> C n (Z,K) are 
antiderivations from §80 |3(J, where n G N. Each / G C° has a decom- 
position /(x) = E m fl m(/)QmW, where a m G K. These decompositions 
establish the isometric isomorphism 9 : C°(Z, K) — > co(co>o,K) such that 
ll/Hco = max m \a m (f)\ = ||#(/)|| Co . Since Z is homeomorphic with Z p , then 
P 1 P° : C (Z, K) — > C 2 (Z, K) is a linear injective compact operator such that 
P l P° G Lx, where P J here corresponds to Pj+i : C J — > C J+1 antiderivation 
operator by Schikhof (see also §§54, 80 |30| and §1.2.1). The Banach space 
C 2 (Z, K) is dense in C°(Z, K). Using Theorem 2.2 and Note 1.2.3 for q > 1 
we get a g-Gaussian measure on C°(Z, K), where P 1 P°f = J2j^jPjf an d 

= Ej Ci-Pj7 for each / £ we P ut |AjlM* < Kil 9 < |Aj| for each j G N, 
Pj are projectors, Aj,Cj G K, < [ vr j < 1, n G K and [vr [ is the generator 
of the valuation group of K. 

If H = co(u)o, K), then the Banach space C°(Z, H) is isomorphic with the 
tensor product C°(Z, K.)®H (see §4.R |[29|| ). Therefore, the antiderivation P™ 
on C n (Z, K) induces the antiderivation P n on C"(Z, if). If J { G L 9 (Y;), then 
J := J x ® J 2 e L g (Yi ® F 2 ) (see also Theorem 4.33 Put F x = C°(Z, K) 

and F 2 = if, then each J := J\ ® J 2 G £ g (Yi ® Y 2 ) induces the g-Gaussian 
measure /x on C°(Z,H) such that /x = /xi <8> /x 2 , where /Xj are g-Gaussian 
measures on Y$ induced by Jj as above. In particular for g = 1 we also 
can take J\ = P 1 P°. The 1-Gaussian measure on C°(Z,H) induced by 
J = J\ ® J2 G Li with Ji = P l P° we call standard. Analogously considering 
the following Banach subspace Cq(Z, H) := {/ G C°(Z, H) : /(to) = 0} and 
operators J := J\ ® J 2 G L\(Cq{Z, K) <g> if) we get the 1-Gaussian measures 
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/x on it also, where to £ Z is & marked point. Certainly, we can take others 
operators J\ G L q (Yi) not related with the antiderivation as above. 



3 Non- Archimedean stochastic antiderivational 
equations. 

3.1. A measurable space (Q, F) with a normalised non- negative measure A is 
called a probability space and is denoted by (fi, F, A), where F is a a-algebra 
of Q. Points <jj G f2 are called elementary events and values X(S) are called 
probabilities of events S G F. A measurable map £ : (fl, F) — > (X, B) is called 
a random variable with values in X, where B is a cx-algebra of X (see §1.4.1). 

3.2. We define a (non-Archimedean) Wiener process w(t,u) with values 
in H stochastic process such that: 

(i) the differences w{t^uj) —w(t 3 ,uj) and w(t 2 ,uj) —w(ti,u) are indepen- 
dent for each chosen u, (ti,t 2 ) and (£3^4) with £1 7^ t 2 , £3 7^ £ 4 , either t\ or 
£2 is not in the two-element set {£3, £4}, where to G ft; 

(ii) the random variable u(t,u) — u(u,u) has a distribution /x Ft < u , where 
/x is a probability Gaussian measure on C°(T,H) described in §§2.1, 2.4, 
fx 9 (A) := n(g-\A)) for g G C°(T, if)* and each A G Bf(C°(T, H)), a contin- 
uous linear functional F t)U is given by the formula F t)U (w) := w(£, u;) — w(u, uj) 
for each w G L s (fi, F, A; C °(T, #)), where 1 < s < 00; 

(m) we also put w(0,u) = 0, that is, we consider a Banach subspace 
L s (tt, F, A; C °(T, if)) of L s (ft, F, A; C°{T, H)), where ^ 0. 

If /x is not a Gaussian measure on Cq(T,H) and a stochastic process w 
satisfies conditions (i—iii), then it is called the (non- Archimedean) stochastic 
process (see §1.4.2). If /x is the standard Gaussian measure on Cq (T, if), then 
the Wiener process is called standard (see also Theorem 3.23, Lemmas 2.3, 



2.5, 2.8 and §3.30 in |8|). 

3.3. Remark. In Part I the non- Archimedean analogs of the Ito formula 
were proved. In the particular case H = K we have a G L S (Q, F, A; C°(T, K)), 
E G f/(ft, F, A; C°(T, K)), / G C n (T x K, F) and w G L«(Q, F, A; C °(T, K)) 
are functions (see §§4.2, 4.6 and §3.2), so that 

P ub+m -i Mu ^y[{d m+h f /du h dx m )(u^{ Ul uj)) o (J® 6 ® a®< m -'> ® S®')]|«=* = 
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for each m + b < n, where tj = (Tj(t), a(t,u), E(t,u) and w(t,u) G K, that 
is a,E,w commute. In particular P™ f(u) = Y J k n =ii.^-)~ l Pu k f i ' k \ u )^ that 
is P™ f(u)\ u=t = P m+ if'(t), where P m+1 : C m (T,K) - C m+1 (T,K) is the 
Schikhof linear continuous antiderivation operator (see for comparison §80 

0)- 

In the classical case measures are real-valued and functions <ft are with 
values in Banach spaces over R or C. But in the considered here case 
measures are real-valued and functions are with values in Banach spaces 
over non- Archimedean fields K, so the mean value M||/|| is real and not 
with values in K. This leads to differences with the classical case, in par- 
ticular formula M[(/J <j>(t, Lu)dB t (uj)) 2 ] = M[fJ <f)(t,uj) 2 dt] (see Lemma 3.5 
p8|j ) is not valid, but there exists its another analog. Let X be a locally 
compact Hausdorff space and BC C (X, H) denotes a subspace of C°(X,H) 
consisting of bounded continuous functions / such that for each e > 
there exists a compact subset V C X for which < e for each 

u G X \ V. In particular for X C K, e* G H* and a fixed t G X 
in accordance with Theorem 7.22 |29| there exists a K- valued tight mea- 
sure fit,uj,e*,b,k on the ex-algebra Bco(X) of clopen subsets in X such that 
e*P u b M i;(u, x, u) o (J® 6 ® |„ =t = f x ij)(u, E(u, u)w(u, uj),u)ii tjU3 ,e*,b,k{du) 
for each if) G L r (Q, F, A; £C c pf, L k (H® k , H))) and £ G L 9 (ft, F, A; BC C (X, L(H))), 
where H* is a topologically conjugate space, 1 < r,q < oo, 1/r + \/q> 1. 

If X 7 : K ^ 5 1 := {2; G C : |z| = 1} is a continuous character of K 
as the additive group, then Mx-y((e*P u b tW ki/)(u,x,uj) o (J® 6 ® £ , ® fc )| u=t ) i ) = 
n, M X7 ((e*V(*i, z, - t,f o ® w ) w) - w{t h uW k ) 1 ) 

due to Condition 1.4.2. (i). For ^ independent from x, / = 1, = 2, 6 = 0, 
E — 1 and if = K (so that e* = 1) it takes a simpler form, which can be 
considered as another analog of the classical formula. For the evaluation of 
appearing integrals tables from §1.5.5 |yj can be used. Another important 
result is the following theorem. 

Theorem. Let if) G L 2 (fi, F, A; C°(T, L(H))), w G L 2 (fi, F, A; C °(T, H)) 
be the stochastic process on the Banach space H over K. Then there ex- 
ists a function (ft G C°(T,H) such that Mx 1 {gPw(u,u)'4 , { v ',oj) o I\ u=t ) = 
jl('ygPu4>(u)\u=t) for each 7 G K and each t G T and for each g G H* . 

Proof. Let t G T and tj = (Tj(t), where <jj is the approximation of 



the identity in T, F a ^{w) := w(a,u) — w(b,u) for a,b G T (see §1.2.1 |L6 



and §3.2). In view of Conditions 7.4.2. (i.ii) and the Hahn-Banach theorem 
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(see ^9|) there exists a projection operator Pr g such that jl( Fa - b9E \h) = 
jj( F a.b Pr g)(p rg Eh), since F a ^ghEw = ghE(w(a,cu) — w(b,co)) = hgEF a ^w for 
each a, b E T and for each h E K, where /t is the characteristic functional 
of the measure /i corresponding to w, that is, fi(g) := j c °(T,H) Xgiy) ^(dy) , 
where # G C$(T,H)*, Xg ■ C$(T,H) -> C is the character of C °(T,#) 
as the additive group, i£ G L(H), y G Cq(T,H), fi is the Borel measure 
on Cq(T,H) (see also §1.3.6). The random variable -E(w(a,u;) — w(6, a;)) 
has the distribution fi Fa < bE for each a 7^ b G T and G L(H). On the other 
hand the projection operator Pr e commutes with the antiderivation operator 
P u on C°(T,H), where (Pr e f)(t) := Pr e f(t) is defined pointwise for each 
/ G C°(T, tf). In L 2 (tt, F, A; C°(T, H)) the family of step functions f{t, u) = 
Ej=i C^-^l/jW is dense, where fj G C°(T,H), Chu is the characteristic 
function of U G F, n G N, since A(f2) = 1 and A is nonnegative. For each 
i 6 T there exists lirn^oo if)(tj, u).(w(tj+i, uj) — w(tj,u)) in L 2 (Q, F, A; H) 
(see Theorem 1.2.14). 
UAeL(H), then 

(*) Xj((9i +9b)Az) = x-y(giAz)x<y(g2Az) for each g u g 2 G and z E H, 
(ii) x~/{gA(zi + z 2 )) = x~/(gAz 1 )x~ / (gAz 2 ) for each g G H* and z 1; ;z 2 £ H, 
(Hi) x-y{ a gAz) = [xj(gAz)]^ a ' for each {(e, jgAz) } p 7^ and a G K, 
where C(a) := {( e ; l a gAz)} p /{(e, jgAz^p. On the other hand A is com- 
pletely defined by the family {e*Aej : i,j G a}, where H = c (a,K), 
e*(ej) = 5i t j, e* G ii"*, {e^ : j G a} is the standard orthonormal base of 
H. Hence the family {x 7 (ae*Aej) : i, j G a; a G K} completely characterize 
A G i^(-ff) due to Equations (i — Hi), when 7 7^ 0. 

For each y G H and each 7 G K the function Mx^(g4 ! {tj UJ )y) is contin- 
uous by t G T, consequently, there exists a continuous function : T — > iJ 
such that Mx-y(g?p(t,Lj)y) = X-y(d ( P('t)y) f° r eacri V € H and t E T, since 
characters X7 are continuous from K to C and X-y(h) = Xiilh) fo r each 
7^ 7 G K and h E K and the C-linear span of the family {x 7 : 7 6 K} of 
characters is dense in C°(K, C) by the Stone- Weierstrass theorem [fLCfl . On 
the other hand, finij_>oo X 7 (Si=o %) = IT^iX7( a i)) when linx, a,j = for a 
sequence dj in K. Therefore, 

00 00 

M x 7 (#XM t i' w )-H t /+i^) -w(tj,u)]) = TiKig&it^itj+x -tj)) 

3=0 3=0 

= fi('jgPu4'( u )\u=t) for each t E T and each g E H*. 
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From the equality Xa+b(c) = Xa(c)xb{c) for each a, b and c G K the statement 
of this theorem follows for each 7 G K. 

3.4. Theorem. Let a G L q {Vt, F, A; C°(B R , L q (il, F, A; C°(B R , H)))) 
and E G L q (Q, F, A; C°(B R , L(L q (tt, F, A; C°(B R , #))))), a = a(t, E = 

E(t, u,£),te B R ,u G ft, £ G F, A; C7°(S fl , if)) and £ e ^(^, F, A; ff), 

and w G L q (Q, F, A; Cq(B r , ff)), where a and E satisfy the local Lipschitz 
condition: 

(LLC) for each < r < 00 there exists K r > such that max(||a(i, u, x) — 
a(t,w,y)\\, \\E{t,w,x)-E(t,w,y)\\) < K r \\x-y\\ for eachx,y G B(C°(B R , ff), 0, r) 
and t G -Br, cuGfi, 1 < g < 00. Then the stochastic process of the following 
type: 

(i) £(t,u) = + (P u a)(u,uj,£)\ u=t + (P w(UtU)) E)(u,uj,£)\ u= t has the 

unique solution. 

Proof. We have max(||a(a:) - a(y)\\^ \\E(x) - E(y)\\°) < K\\x - y\\a, 
hence max(||a(a;)|| 9 , ^(x)!! 3 ) < fTi(||a;|| 9 + 1) for each x,y G ff and for each 
1 < g < 00 and each t G B R and each u G ft, where K and K\ are positive 
constants, a(x) and E(x) are short notations of a(t,cu,x) and E(t,u,x) for 
x = u;) respectively. For solving equation (i) we use iterations: 

X (t) = x,..., X n (t) = x + P u a(X n _i(u))\ u=t + P w E(X n „i(u))\ u=t , conse- 
quently, X n+1 -X n (t) = fi(t)+f 2 (f), where h(t) = P u [a(X n (u))-a(X n ^ 1 (u))]\ u=u 
hit) = P w [E(X n (u)) — E(X n -i(u))]\ u=t , x(t) and X n (t) are short notations 
of x(t,u) and X n (t,u) respectively. Let Mi] be a mean value of a real- 
valued distribution 77(0;) by oj G ft, where (ft, F, A) is the probabilty space, 
then M\\P u [a{X n {u)) - a(X„_ 1 (n))] \ u=t \\<> < K(M\\P t \\°)Msap u \\X n ( U ) - 
X n _!(n)|| s , where X„ G L q {tt,F,\;C°{B R ,H)) for each n, since |A|(ft) = 1 
and H^Hoo = sup 1 < fl<00 = ess - s\xp ueSl \\x(u)\\ H for x G f°°(ft, F, A; ff). 
While 1 < q < 00 we put g = q, for g = 00 we take ess — sup. Also 

M||P u ,[B(X n (n))-E(X ri „ 1 (n))]| u=t r < K\\P W \\^M sup \\X n (u) - X^u)^ 

u 

< (K\\P w r) l M snp\\X n ^ l+1 (u) - X n ^(u)\\^ 

u 

in particular for I — n — 1. On the other hand, 

J*Ti(0 = + P u a(x(u))\ u=t + P w £(s(u))|u=t, 

consequently, HX^-Xo^p < max(||[P u a(x(n))]| u=t |p, ||A,£(x(u))|«=tJ s ), 
where w(0) = 0, -P u a(n)| u=t() = 0, P W E\ u= t — 0. For each e > there exists 
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B e C B R such that K\\P w \B e \\ g < 1 and PJ||P t |£ £ || 9 < 1. Therefore, there 
exists the unique solution on each B e , since sup u ||Xi(w) — Xo(w)|| s < oo 
and lim^ 00 (fT||A u | Be pyC' = 0, lim^XllPl^ ||«)'C = 0, hence there ex- 
ists lim^oo X n (t) = X{t) = £(t,u)\ Bt , where C := M sup ugBe ||Xi(u) - 
X (u)\\ 9 < nmx(\\P w \\ 9 ,\\P t \\9)(\\x\\ 9 c0 + l)K < oo, here B e is an arbitrary 
ball of radius e in Br, t G B e . 

If X 1 and X 2 are two solutions, then X 1 —X 2 =: ip = Y^=i CjChB(K,xj,rj), 
where n G N, Cj G K, T = .Br, since P,r has a disjoint covering by 
balls B(K,Xj,rj), on each such ball there exists the unique solution with 
a given initial condition on it (that is, in a chosen point Xj such that Cj 
and B(K,Xj,Tj) are independent from a;). Therefore, if) = P u [a(u, X 2 ) — 
afaX 1 )]^ + P w [E(u,X 2 ) - E{ U) X l )}\ u=t) hence ^(tf,l;t t+1 - t t ) = 

[a(t J ,X 2 (t l ))-a(t l ,X 1 (t,)) + [ J E(t l ,X 2 (t J ))-^(t,,X 1 (t l ))][^(^ + i)-^(^)]/(^ + i- 
U) for each tj ^ U+i, U = cr^t) due to Condition 1. 2.1. (ii), where w(t) is 

the short notation of w(t,u). The term ($ 1 w)(t i ; l;U + i — U) = [w(t i+ i) — 
w(ti)}/ (U+i — ti) has the infinite-dimensional over K range in C°(B R \ A, H) 
for each u G f2, where A := {(it, it) : u G 5/?}. If = 0, then 

a(t,X 2 (t,tu)) - afaX^-fau)) = 0. If a(t,X 2 ) = ait^X 1 ) for each t and 
almost all cu, then P w [E(t, X 2 {t)) - E{t,X x {t))\ = which is possible only 
for ip = 0. If a(t, X 2 ) 7^ a(t, X 1 ) and the function ip is locally constant by t 
and independent from u, then P u [a(u, X 1 + g) — a(u, X 1 )]\ u=t + P w [E(u, X 1 + 
g) — E(u, X 1 )] \ u=t is locally constant by t and independent from u only for 
[a(u, X 2 ) - a(u, X 1 )} = and [E(u, X 2 ) - P(w, X 1 )] = due to definitions of 
P u and P w , hence ip — 0, since it is evident for a(it, X) and E(u,X) depend- 
ing on X locally polynomially or polyhomogeneously for each u, but such 
locally polynomial or polyhomogeneous functions by X are dense in 

L«(Sl, F, A; C°(B R , L«(fi, F, A; C°(B R , H)))) and 

L q {Q, F, A; C7°(S fl , L(L 9 (fi, F, A; C°(B R , H))))) respectively. 

3.5. Theorem. Let a G L q {Q, F, A; C°{B R , L«(fi, F, A; C°{B R , H)))) 
and E G L«(n, F, A; C°(B R , F, A; C ^, #))))), a = a(t, E = 

E(t, u,£),te B R ,u G ft, £ G F, A; C°(P R , P)) and £ e P 7 ^, F, A; P), 

where a and E satisfy the local Lipschitz condition (see 3. 4- (LLC)). A stochas- 
tic process of the type 

a ^-O 0£ ;®i)])| B=t 



n 



such that a m _ M G C°(B Rl x B(L q (Q, F, A; C°(B R , H)), 0, R 2 ), L m (H® m ; H)) 
(continuous and bounded on its domain) for each n, I, < R 2 < oo and 

(U) lim^oo SUp <j<„ \\a n -ij\\ C 0(B Rl xB(L«(n,F,\-,C0(B R ,H)),0,R 2 ),L n (H®™,H)) = 

for each < R\ < R when < R < oo, or each < Ri < R when R = oo, 
for each < R 2 < oo. 

Then (i) has the unique solution in Br. 

Proof. Let X (t) = x,..., 

X n (t)=x+ £ f;(/W™-^(«^)'[am-^^^ 

m+b=l 1=0 

consequently, 

oo m 

X n+ i—X n (t) = ^2 y^XP u b + m - l .w(u.oj) l [ a m-i+b,i{u, X n (u))—a m -i +b j(u, X n _i(u))] 

m+b=l 1=0 
(J®&<g, a ®(m-i) ^ E® l )])\ u=t , 

where in general P (u,fll|u=t = a(t,£(t,u)) - a(t ,Z(t ,u)) ^ P u a(u,£) = 
J2j a(tj,!;(tj, u))[tj + i — tj], tj = Cj(t) for each j = 0, 1, 2, .... Then 

M\\P u b+m-i [a m -i +bj i(u : X n {u)) - a m ^i +b: i(u, X n -i(w))] |(b Ki xB{li,o,r 2 )) ° ( 

/^ 0a ®(— O ^)])| u=t || 9 < A-(M||P u * +ra - liW(u ^ ) H|»)||a m _ J+6) ,| (Biil xB(w > o ) fl a ))ll P 
(Msup ||X n («) - X n _ 1 («)||»)(Msup ||a|| m -')(Msup 

11 MM 

where X„ e Cq(B R) H) for each n, is the same constant as in §3.4, 1 < 
g < oo. On the other hand, 

oo m 

x 1 (t) = x(t)+ £ EA^-iMtM-j'^wK^)) ^® ^" 1 " ®^)])!^. 

m +b=l Z=0 

consequently, 

||X 1 (0-X (t)|| fl <sup(||P u 6 +ra -, Mtt)W) ,[a m _ J+6) ,(«,xH 

Due to Condition (ii) for each e > and < R 2 < oo there exists B e C -B^ 
such that 

Xsup(||iW^«,u,)<UJamW =: c < 1. 
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Therefore, there exists the unique solution on each B t , since sup u ||Xi(ii) — 
X (-u)|| < oo and lim^oo c l C = for each C > 0, hence there exists 
lim^ X n {t) = X{t) = Z{t,u)\ Be , where C := Msup ueBe HX^-XoHP < 
(c + < oo, here B e is an arbitrary ball of radius e in Br, t G S e . 

If X 1 and X 2 are two solutions, then X 1 —X 2 =: ip = Y%=i CjCh B (^_ x . r .^ 
as in §3.4. If S is a polyhomogeneous function, then there exists n = 
deg(S) < oo such that differentials D m S = for each m > n, but its an- 
tiderivative P has D n+1 PS ^ 0. If||S\|| > ||£ 2 ||, then || PS X \\ > \\P3 2 \\, which 
we can apply to a convergent series considering terms \\D m PS\\(mod p k ) for 
each k G N. Therefore, 

V> = £m+&=i EM)(-P««H^-i jtt(u>a ,)« [a m _; +M (w, X 2 ) -a w _i +M («, X 1 )] o (J® 6 ® 
a <gi(m-z) (g, £;®^j)| u=t) where the function ip is locally constant by t and inde- 
pendent from a>, hence ip — 0, since it is evident for a(w, X) and E(u,X) and 
Ofc-i,j(w, -X") depending on X locally polynomially or polyhomogeneously for 
each u, but such locally polynomial or polyhomogeneous functions by X are 
dense in 

F, A; C°(B R , L*(fi, F, A; C°(B R , H)))) and 
L*(fl, F, A; C (5 fl , L(L«(ft, F, A; C°(B R , H))))) and 
C°{B Rl x F, A; C°(B R , H)), 0, i? 2 ), L fe (^ fc ; H)) 

respectively. 

3.6. Proposition. Let £ be the Wiener process given by Equation 3. 4. (i) 
with the 1-Gaussian measure associated with the operator P 1 P° as in $2.4 and 
let also max(||a(t, to, x) — a(v, u, x)\\, \\E(t, w, x) — E(v, u, x)\\) < \t — v\{C\ + 
C2||^|| b ) for each t and v G B(K,to, R) X-almost everywhere by u G £1, 
where b, C\ and C 2 are non-negative constants. Then £ with probability 1 
has a C 2 -modification and q(t) < max{||£ ||' s ! \t — t \(Ci + C 2 g(t))} for each 
t G B(K,t ,R), where q(t) := sup |u _ to |< Mo | M\\i{t,u)\\ s andW 3 s > b > 0. 

Proof. For the following function f(t, x) = x s in accordance with Theo- 



rem 1.4.6 m we have f(t,£(t,u)) = /(t ,fo) + 



+ E E ff) {P*-'M«*>Y K ( I )£(*> ^~>> ^ w )) ° (a 8( *"° ® 



fe=i ;=o 




hence M||£(t, < max(||£ || s , It"^!^^^^ su P|u _, o| < Mo| M||£( M , u;) 
since |tj-to| < |* — * 1 for each j G N and M||£(t, w) w) || s < |t-f |(1 + 
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C 1 +C 2 d{P*)8a^_ M <^^_^^ M) M\\^{u i u)\\ s ), since \tj-Vj\ < \t-v\+fP 
for each j e N, where < p < 1, 

d(P;):= sup max IK*;!) -1 (? V**-' w i(d k f/d k x) o (a®^ ® £® z )||/ 

( 1 1 a 1 1 CO (B R ,H ) 1 1 E 1 1 CO ,L(H )) 1 1 / 1 1 C* (B R ,H) ) , 

hence d(P*) < 1, since / 6 C s as a function by x and (& s g)(x; hi, h s ; 0, 0) = 
D%,g(x).(hi, h a )/s\ for each g & C s and due to the definition of ||g||c s - Con- 
sidering in particular polyhomogeneous g on which d(P£) takes its maximum 
value we get d(P*) = 1. Since P(C 2 ) = 1 for the Markov measure P induced 
by the transition measures P(v,x,t, S) := fi Ft - v (S\£(v) = x) for t ^ v of the 
non- Archimedean Wiener process (see §2.2), then £ has with the probability 
1 a C 2 -modification. 

Note. If to consider a general stochastic process as in §1.4.3, then from 
the proof of Proposition 3.6 it follows, that £ with the probability 1 has a 
modification in the space J(Cq(T, H)), where J is a nondegenerate correla- 
tion operator of the product measure \i on Cq(T, H). 

3.7. Proposition. Let £ be a stochastic process given by Equation 3.4. (i) 
and max(||a(t, u, X\) — a(v , u>, x 2 )\\, \\E(t, u>, Xi) — E(v , u>, x 2 )\\) < \t — v\(C\ + 
C 2 ||xi — x 2 || 6 ) for each t and v G B(K,t , R) \-almost everywhere by u e 
Q, where b, C\ and G 2 are non-negative constants. Then two solutions £i 
and £2 with initial conditions £1,0 and £2,0 satisfy the following inequality: 
y{t) < max{||£ li0 - £ 2 ,o|| s , \t - t \{Ci + C 2 y(t))} for each t e B(K,t ,R), 
where y(t) := sup| u _ 4o |<| 4 _ 4o | M\\^(t, u) - £ 2 (t, and N 3 s > b > 0. 

Proof. From §3.6 it follows, that M\\£i(t,u) - § 2 (t,uj)\\ s < \t - £ |(Ci + 
C.sup^^^MU^uj) - £ 2 (u,u)\\ s ), since d(P:) < 1. 

3.8. Remark. Let X t = X + P t a + P w v and Y t = Y + P t q + P w s be two 
stochastic processes corresponding to E = I and a Banach algebra H over K 
in §1.4.6 JIB] 1, 0. Then X U Y U - X t Y t = (X u - X t )(Y u - Y t ) + X t (Y u - Y t ) + 
(X u - X t )Y t , where u,teT. Hence d{X t Y t ) = X t dY t + (dX t )Y t + (dX t )(dY t ). 
Therefore, 

P Xt Y t = X t Y t - X Y - Py t X t - P ( x t ,Y t )h 

which is the non-Archimedean analog of the integration by parts formula, 
where in all terms X t is displayed on the left from Y t . For two C l functions 
/ and g we have (fg)' = f'g + fg' or d(fg) = gdf + fdg, that is terms 
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with (dt)(dt) are absent, consequently, (dt)(dt) =0. In a particular case 
X t = Y t = w t this leads two wf — w% — 2P Wt w t = P^ Wt>w ^l, where the last 
term corresponds two (dw t )(dw t ) 7^ 0. This means that 

d(w 2 ) = 2wdw + (dw)(dw). 

For X t = w t and Y t = t the integration by parts formula gives P Wt t = w t t — 
P t w t -P(t, Wt )l. Such that P( tfttt )l = T,jtj[w tj+1 -w tj ]-w t t+Y,j w tj [t j+1 —tj] ^ 
0, for example, for t — 1, w G C®(T,H), T = Z p and t = this gives 
-P(t,w t )l = Wi — Wq = Wi. Therefore, (dt)(dw t ) 7^ 0, that is the important 
difference of the non-Archimedean and classical cases (see for comparison 
Exer. 4.3 and Theorem 4.5 [28|). 



If if is a Banach space over the local field K and f(x,y) = x*y is a K- 
bilinear functional on it, where x* is an image of x G H under an embedding 
H <^-> H* associated with the standard orthonormal base {ej} in H, then 

Px;Y t = X^Y t — XqY — Py*X t — P(x*,y t )l, 

hence d(X*Y t ) = X*dY t + (dX*)Y t + (dX*)(dY t ) and d(w*w) = w*dw + 
(dw*)w + (dw*)(dw). 

3.9. Definition. If £(t, uo) G L q (tt, F, A; C°(B R , H)) =: Z is a stochastic 
process and T(t, s) is a family of bounded linear operators satisfying the 
following Conditions (i — iv) : 

(i) T(t, s):H s ^ H u where H s := L 9 (0, F, A; C°(B(K, 0, |s|), If)), 

(iz) T{t,t)=I, 

(Hi) T(t, s)T(s, v) = T(t, v) for each t,s,v G Pr, 

(iw) M s {||T(t, s)?7||^} < CIIt/II^ for each 77 G if s , where C is a positive 
nonrandom constant, 1 < q < 00, then T(t, s) is called a multiplicative 
operator functional of the stochastic process £. 

If T(t,s;u) is a system of random variables on Q with values in L(H), 
satisfying almost surely Conditions (i — Hi) and uniformly by t, s G Br 
Condition (iv ) such that 

(v) (T(t, s)r/)(u) = T(t, s; u)r](u), then such multiplicative operator func- 
tional is called homogeneous. An operator 

(vi) A(t) = lim s _ >0 [T(t, t + s) — I]/s is called the generating operator 
of the evolution family T(t,v). If T(t,v) = T(t,v;u) depends on u, then 
A(t) = A(t; uo) is also considered as the random variable on Q (depending on 
the parameter uj) with values in L(H). 
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3.10. Remark. Let A(t) be a linear continuous operator on a Banach 
space Y over K such that it depends strongly continuously on t G B(K, 0, R), 
that is A(t)y is continuous by t for each chosen y G Y and G Then 
the solution of the differential equation 

(1) dx(t)/dt = A(t)x(t), x(s) = x has a solution 

(2) x(t) = U(t, s)x(s), where U(t, s) is a generating operator such that 

(3) U(t,s) = I + P u A(u)U(u, s)|^=g, though x(t) may be non-unique, 
where x(s) = xo is an initial condition, x, t G -B(K,0,-R). The solution of 
Equation (3) exists using the method of iterations (see §3.4). Indeed, in view 
of Lemma 1.2.3 ||16| U(s, s) = I and 

(4) dx{t)/dt = dU(t,s)x(s)/dt = A(t)U(t,s)x(s) = A(t)x(t). If to con- 
sider a solution of the antiderivational equation 

(5) V(t, s) = I + P u V{t,u)A{u)\^ s , then it is a solution of the Cauchy 
problem 

(6) dV{t,s)/ds = -V(t,s)A(s), V(t,t) = I. Therefore, d[V(t, s)U(s, v)\/ds = 
-V(t, s)A(s)U(s, v) + V(t, s)A(s)U(s, v) = 0, hence V(t, s)U(s, v) is not de- 
pendent from s, consequently, there exist U and V such that 

(7) V(t, s) = U(t, s) for each t,sE B(K, 0, R). From this it follows, that 

(8) U(t, s)U(s,u) = U(t,u) for each s,u, t G _B(K,0, R). In particular, 
if A(t) = A is a constant operator, then there exists a solution U(t,s) = 
EXP{{t-s)A) (see about EXP in Proposition 45.6 Equation (3) has 
a solution under milder conditions, for example, A(t) is weakly continuous, 
that is e*A(t)r) is continuous for each e* G Y* and rj G Y, then e*U(t,s)rj is 
differentiate by t and {7 (t, s) satisfies Equation (4) in the weak sense and 
there exists a weak solution of (5) coinciding with U(t,s). If to substitute 
A(t) on another operator A(t), then for the corresponding evolution operator 
U(t, s) there is the following inequality: 

(9) \\U(t,s)-U{t,s)\\ < MMsup ueB[Kj0)R) \\A{u)-A(u)\\R, where M := 

1 + suP«,teB(K,o,B) II U & S )H and & is for E7. 

Proposition. Let B(t) and two sequences A n (t) and B n (t) be given of 

strongly continuous on B(K, 0, R) bounded linear operators and U(t, s) be 

evolution operators corresponding to A n {t) = A n (t) + B n (t), where 

sup neNiU6B ( K ,o,ii) \\ B n{u)\\ < sup u£jB(K)0)K) = C < oo. If MCR < 1, 

then there exists a sequence U n (t, s) which is also uniformly bounded. If there 

exists U n (t,s) strongly and uniformly converging to U(t,s) in B(K,0, R) , 

then U n (t,s) also can be chosen strongly and uniformly convergent. 
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Proof. From the use of Equations (3, 8) iteratively for U n (<Tj+i(t), &j(t)) 
and U n (aj(t), s) and also for U n and taking U n — U n it follows, that 

(10) U n (t,s) = U n (t,s) + P v U n {t,v)B n {v)U n {v,s)\lzl for each n e N. 
Therefore, \\U n (t,s)\\ < M+MC sup v \\U n {v, s)\\R, hence \\U n (t, s)\\ < M/[l- 
MCi?], since MCR < 1. If lim n x n = x in K and £/„(£, s)x is uniformly con- 
vergent to U(t, s)x, then for each e > there exist 6 > and m e N such 
that sup t s6B / K 0) m ||?7 n (i + /i, s + f )x n — U n (t, s)x n \\ < e for each n > m and 
max(|/i|, |i>|) < 5 due to Equality (10). 

3.11. Proposition. Let a, a m -i+b,i an d E be the same as in $3.5. 
Then Equation 3.5. (i) has the unique solution £ in Br for each initial value 
£(t , oS) G L q (fl, F, A; H) and it can be represented in the following form: 

(2) £(i, u) = T(t, to] u)£(to] oS), where T(t, v; u) is the multiplicative oper- 
ator functional. 

Proof. In view of Theorem 3.5, Definition 3.9, Remark and Proposition 
3.10 with the use of a parameter w G O the statement of Proposition 3.11 
follows. 

3.12. Let now consider the case J(C$(T,H)) C C\T,H) (see §3.6), for 
example, the standard Wiener process. 

Corollary. Let a function f(t,x) satisfies conditions of $1.4-8 filb}], then 
a generating operator of an evolution family T(t, v) of a stochastic process 
V — /(£) £(£>^)) i s given by the following equation: 

(1) A(t)7j(t) = / t '(U(f,")) +f I (U(^))oa(f, W )+ 

m / 

f' x (t,t(t,u))oE(t,u>)v/ t (t,cj)+ E ((«*+&) O^E 

m+b>2,0<mGZ,0<feeZ 1=0 \ 

i(p ub+m - lMu ^[(d^f/du b dxn(u,a^^ 




Proof. In view of Theorem 1.4.8 [RJ and Proposition 3.11 there exists a 
generating operator of an evolution family. From Lemma 1.2.3 and Formula 
7.4.8. (ii) |TB[ it follows the statement of this Corollary. 



Remark. If f(t,x) satisfies conditions either of §1.4.6 or of §1.4.7, then 
Formula 3.12.(1) takes simpler forms, since the corresponding terms vanish. 



The author is sincerely grateful to I.V. Volovich for his interest to this 
work and fruitful discussions. 
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